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1. The Tate algebra

1-et k be a complete field wrto a non - Archi median absolute value that is nontrivial

Definition

For n > I define the unit ball

Brick ) : = { Ca , . . . , ✗n) c-In ; lxil -41 }
in In

1-enema A formal powerseries f = ⇐ ✗
new ✗

"

E KEK, -→ 11nF ,
✗
"

= X.
"
- - - - Xiheonverges on B

" (E)

⇐> line I cut = 0
14→ so

☐ Proof . if f- converges at 11, .. > 1) then Ecu converges
⇒ limlcvl = O

v v-sa

conversely ,
if ✗ c- B

" (E) then there ex
. a finite ext . LIK st ✗ i belong to 1- (complete)

if I cut → 0 Guts a) then dim lcullxvl = 0
,
thus f- (x) defines a Caeeh

, sequence
in 1- (complete )

I v1 → do

this enlightens the following definition :

Definition

we define the Tate algebra of restricted power series
The K algebra Tn: = KSK,

..- , Xn> consisting of elements

f = Ecu ✗
°

ue.nu

St. Kul O
,
f E KEK , ... ,Xn ,

Cv C- K

Gump norm : Tn Df : If I = may
I cut

,
f = Icu✗

✓

Proposition

Tn is complete with respect to the Gaap norm 1.1
,
i.e. Ii?ofi converges w.

I restricted p.s.fi = E. civ✗
"

c- Tn if lipga.fi = 0

☐

-



Proposition ( Maximum principle) 1-et f c- Tn .
Then lfcxil I 1ft for all points ✗ c- BhCÑ ) and I ✗ c- B

"(E) stlflxll = 1ft

"
R

☐ Proof . wlog If 1=1 and consider the can . epi it : 1224 ..
> Xn> → KIK, ",Xn] k ⇐ ok s k

⇒ F- I c- I
"
: f- (E) 1=0

.

%-) f- ¥0 I 1

I ← Tz a- I
Have cousin

, diagramI
§ REX, . . .>

✗a) K [Xp .

> Xn ] I
* ✗ I 1%-11
I- I

flx) ,-7 f- 1×-1 ⇐0

Theorem ( Weierstrap division) seem2.2 15ft . 5) I f- ( x) I = 7

A restricted
power

series
g
= 5- gvxn

"
c- Tn wl coefficients gu c- Tna is called Xn

distinguished of some order ne N if • gs is a unit in Tn. ,

• lgsl = lgl and lgsltgvl for 0 > s
-

let g c-Tn be X. distinguished of some orders . Then for any f- c-Tn there ex a unique
series q c- Tn and a polyn . re Tn, [✗it of degrees such that

f- qgtr
furthermore

,
Ifl = max { lql , lgl, Irl }



Theorem ( Noether normalization)

For
any proper ideal a E- Tn thee ex . a K algebra uuouomorphism Td → Tn ,

some d > 0
,
such that the composition

Td → Tn→ Tn / a
"
'
-
-
- - -

-

-

-

-
"

is a finite monomorphism

'

not finite !
Pro_of . f- 2J 2.2.11

Maxtn ✓ s

MaxTd \picture :

,

,
,
,
,
,

,

fin:p, : → Noether normalization

( but ramified)

:
"

÷
.
.
-
-
-
-

TdT%④in -

field field

consequences of N.n. :

B " TK ) → Maxton ✗ it in ✗
= {h c-Tnt hlx) so }

☐ f- c- Tn : ex; Tn → Kcx) cont
. epi kent m× maximal

if m× is maximal Then Tn → Talma ↳ IT : This map is contractive

( nokthal.tn/mxisfinite)
Iq (a) I s tal a c- Tn : assume 1- a c- Tn st Iq G) I > I al

.
Then a -40 and

ul-
g

la 1--1
. Define a:-. qla) unite plt) = trtqt " 't . . . + Cr c- KAI as

as minimal polynomial of a auk . If 4 , . . , or are the conjugate elements of this
✗ ink

, pH ) = Ttt - aj ) and Kcal -7 Khj ) ,
thus Kj 1=121411 ;)

j> I r

now Ip (c) I = 1cal = IT/ajl =/ a /
r

,
also lcjl 512155 lair = Cr

r 12137
⇒

p (a)
= 5- g. ar

-i %'

is a unit in Tn
i-0

characterization of unitsin Tn : f- c- Tn is a unit⇐ I f- f- (a) I < If (c) I CZ ] 3.1.4
.

⇒ must be mapped to a unit in K
'
uncle 9 , but on

the other hand
, qcplal)

= plqla )) =p (a) = 0 § =) lqla) 1 slat ta c- Tn ⇒ 9 : Tn →I continues

now set Yi = 9C# ) is, n Then 4--1×2, . ,yn) belongs to B"
and 9 coincides with 9 ✗ thus m-imiyy.in) = Th c-Tn 1h G) so }



Proposition Tn is Noetherian
,
i.e. every ideal a

c- Tn is finitely generated
☐ by induction : assume Tn.. is Noetherian , a £ Tn non - trivial ideal .

if g c- a , g =/ 0
,
Weierstrap division gives that Tn / ( g ) is a finite Tna- module

,

thus a Noetherian Tna module because Tmi is Noetherian
,
thus a / (g) isfin generated

over Tn-, ,
so or is fin generated over Tn 1

Further properties :

Tn is factual , hence normal
Tn is Jacobson Ma = Mm

m3 or
and can be generated by nelemts

every wax ideal in a-Tn satisfies ht (m ) = n ⇒ dimTn=n
Ideals in Tate algebras

asTn
, then

< a is complete ,
hence closed

•

or is strictly closed : H f- c- Tn : I ao e n : If - ao / = in f- If -at
a c- or

F- generators ay , . . > ar of a st tail =L f- c- 9 : I fy, ..,fr
stf = Erfriai

is ,

Ifi 151ft

[27 2.3.7



But) → Ma ✗Tn
tlftinoid algebras
viewed f- c- Tn as functions B" TK ) →I

.

For a s Tn consider

the zero set 11cal = { ✗ c- B " TK) : f 1×7=0 Hfe a } a- B. " (F)
Restrict fats from B " CK) → Vca)

m get map Tn → { functions on Wa) -sit }
⇒ Tula is algebra of functions raushj vanishing on or

on V (a)
Definition a K algebra A is called a -9in-id if Fepi

of Keelgebses a : Tn → A for some n 30

↳ form category with
K algebra> honor .

Properties of aftinoid algebras : as morphisms
immediate consequences of properties of Tn :

• His Noetherian
, Jacobson and satisfies Noether - normalization

→ follows from fact that these properties behave well under K - algebra quotients -
- if A is affiuoid , qs A stradq is max , ,

then Alg is fin dim v. s . over K : choose d } Ost Td Alg→ Atm6

⇒ Td → Alm is finite and qctd ) contains no nilpotents , thus Td ↳ A/wefield .

⇒ Td field ⇒ D= 0 ⇒ -111g findink us .
[ q was finite morphs ]Topology on affinoid algebras

Definition we endow A wl a
"

residue norm
"

t.la given by a : Tn→ A

la Ifl I ✗ = in f- I f- at
a c- kerf

that satisfies the following properties : t.la is K - algebra norm and induces the quotient topology on A ,
a : Tn→ His continuous and

open ; Furthermore , It is complete under t.la and for f- c- A 1- lift f- c- A st
.
Ifl = IIIa . Birt: topology depends on a !

f- because a e-Tn

are strictly closed]

Viewing elements f of an actinoid K - algebra Tn / or as I - valued functions on Vca) ,
we can define a "

sup
- norm

" l - l sup

of all values assumed by f- :

Ifl sup
=

sup I f- 1×11
✗ c- MaxA



First properties : If / sup is only semi - nom
! If Isip --0⇐ fni / potent .

gently >
. If / sup

± If / ✗ any 2 : Tn
→ A

.

Choose my < A maxinl

let n =

g-
'

m c- Tn ; f- C- A choose gpuinayeint, St .
lgl = If / ✗ Then lflm) I = 1g Rn) I s Igt = Ifla
Tn In- Atm

B.Ki

Proposition If q :B → It is a K- morphism of affinoid K - algebras , lycbllsup I lblsup Hb c- B.

☐ If we is maximal in A ,
let n : = g-

' 1m) S B .
Then K -> Bln → Atm

,
Atm fin . dim K- v. s .

⇒ Bln -0 Alan is finite ,
thus n is maximal

.
Then III = 14Th 1

, taking sup gives proposition 11
in Bln in Atm

Proposition On Tn we have that 1.1
sup

= 1.1
,
where the later is the Gauls norm on Tn

☐
wax principle 1ft = Max { Ifl-171 ; ✗ c- Bh CTC ) } ✗mom ✗

✗ c- BHCKT mx = { he Tn / h G) -01
"' ✗ ? T" thx↳I ems

.
Thus f(×, → f-isshy.ec/io@

The maximum principle for aftinoid K - algebras : BHTK )→ Max
TnIn order to prove this , need following lemma : if Td ↳ It is a finite monomorphism and A is torsion free ,

then for

Mx C- MaxTd consider my > ,
..im yrs St . My intel = tux . Then Max I fly;) I = Max laical

¥

i-s.ms is,, ,

whee ai are the coefficients
monic ?

of the unique pf = trt art
"'t

. . -
t ar c- Td f- TJ stpflf 1=0 .

In addition lflsup = maxlailsup
c.= 7, ", r

Theorem ( maximum principle) For
any affinoid K- algebra A , felt thee ex . ✗ c- Max A st

. lflxll = lflsup

I> Proof . reduce to irreducible component of A : i.e . consider min . primes { pi , -. . . ,p , } of A ,
then there ex

. pj St lfjl sup
= I flap

A- Tn / p, - . > Ps → Tn /Pj ☒ ← ✗
.

1.e. wlog A is integral domain . Then apply Noether normalization to get a finite

mono
.
Td ↳ It

.
Now derive wax . principle for H from Max . principle for Td : by the lemma , felt satisfies some frt an f"'t . . . + ar = 0 over

Td and we have wax I fly;) I = wax laical
?
for any ✗ c- MaxTd and Max A 3 {y,, ..,ys }

'→ {×}
. As ai c- Td , apply max . principle to Tate

g-=3 ,, s i=7, ,, r
(all i )

algebra Td : there ex
.
✗ c- MaxTd such that la, Cal .. - larch 1=1 Car - . - art call = la, -. - art = tail - - . tart . This implies laical = tail as

"
S " holds always and hence wax I fly;) I = max I ai Cx) = wax tail

?
= If / sup ,

so the sup is
obtained by some element yj c- MaxA.

j=1, -is 1-=3 ", r i =3, r

✗



Power boundedness and topological nilpotency
Theorem

.

For felt affinoidlk , t.la any residue norm on -11 , then for any felt ,TFAE

( is 1ft sup s 1

cii ) 1- integral equation frt a. f-
"
t
.. . tar = 0 ,

ai c- A srt . tail a ± 1

Ciii , the sequence
( I f- II In ex is bounded

. say : f- is power bounded wrtol.la

☐ let a : Tn→ A be the epi defining t.la . By N .n we have To → Tn # A for some d > Ost

CD on Tcl : 1
. I = 1 . I

sup

Td ↳ It is finite . Then any f- satisfies frt a. f
"'t

. . - tar = 0
,
a,
-

c-Tn and tail
sup
= tail ± 1 by previous lemma

now recall that Td↳Tn is contractive wr to the Garp norms
,
then tail ✗ s 1 a- i images in A- under ✗ .

⇒ ci ) ⇒ Iii)✓

assume F- integral equation for f- : write Ao : = { get ; I glass } ,
then Cii ) means that f- is integral over -11° ⇐> Hoff -1 is finite -11°- module

and it follows that the sequence ifMa) must be bounded
.
Ciii ) ⇒ cis follows from the fact that I f- lnsop = lfnlsy.SI f- 1! ✗

Corollary A affinoid
,
felt and t.la a res . noon on A . TFAE

ci , I f- Isup
< 1

Cii) ( I f- " I a)
n
is a zero sequence . we call f- topological nilpotent wr to t.la

Remark notion of top . nilpotency is independent of the residue norm .

I> Proof . follows if lflsnp -0 .
Thus assume 0 < If / sup

4-
.
Then 1- r st

If ' Isup
= HE K

*

.

⇒ / c-' fr I sup
-_ 1

, so c-
' fr is power - bounded .wr to any t.la .

live I f-
" la = O

n→ •

↳
say

I c-" f
" " la ± M

,
he IN and some MEIR . '⇒ If

• " Ia Sc
" M

,
so fr is top . nilpotent,

n → do

but then fr is top . nilpotent , but then f- is top . nilpotent. Conversely , assume him If4=0 , then Ifl ?up= lfhlsup I lfhla → O
n -s &

=) If / sup
< 1- ✗

Lemma 19 1-et A be affinoid K - algebra and let -1, . .. ,fne A.
cis assume F- K morphism 4 : KC 5, , . . . , 5ns → A such that 913;) = fi ci-7-n.nl . Then If it sups 1- for all i

ciis if lfilsup ? 1 for all i , then there ex - a unique K
- morphism y : KC}, ..,5n) → A stg Bil = -fi Cali ) and

q is continuous wrto the Garp norm on KCS, , , , Sa ) and any residue norm on A
Ci ] clear

.
Ciii define q by above recipe . Now lfilsup £1 implies power - boundedness and thus well - defined and unique as a Contimas

morphism Sii- fi . Left to show , thee ex. no other K- morphism y
'
: KC } , , . ..si → Awl 3 ; -- fi . First reduce to case when

His fin . dim .
vector space / K . Claim: any

Kuuor
. q

'
: KC }

, , . .,5n) -> It is continuous : Have product top .
on A Kd



induced by norm ofthe complete field K .

Now view Tnlkery
'

as affinoid wl can . residue norm , then Tlkeoq' -0 It is

continuous
,
which can be reduced to the fact that linear forms on f.d. 11→ K are cont

. for the product topology , thus q
'

is continuous .

General : Tn A. Then for meA maximal and some r > 0 Atmr is a finite K v.s . =) wraps Tn Athir coincide ( because are continuous)

Last claim : if -1=-0 urodur Callmmax and r > 0) impi . -1=0 : knell int- thm states Mrmr Am-0 ✗

why is that interesting ?

Proposition any morphism 6 :B
→ It between affinoid K algebras A , B is continuous wrto any residue

norm on -11113 .

DPro_f : choose Tn I' B → A ThenTn → It is continuous
,
but then B → A must be

continuous as well .

Preview

5pA S Spin A - Tula
" "

IV1 a)
✗

u

fmIa

A → A
'

p
'
n A← p

'

"

P

p- p A =/
p
'

→÷:*
.

Es.ZZ


